
 
Unit 6- Lines and Planes 

 
Lesson Package 

 
MCV4U 

 
 
 
 

 
 
 
 

& 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Unit 6 Outline 
 
Unit Goal: By the end of this unit, you will be able to demonstrate an understanding of vectors in two-space 

by representing them geometrically and by recognizing their applications. 

 

 
 

Section Subject Learning Goals 
Curriculum 

Expectations 

L1 
Vector Equation of a 

Line 
- Be able to write the vector and scalar equation of a line in 2-space 

C4.1, C4.2 

L2 
Equations of Lines in 

𝑅3  
- Be able to write the vector and parametric equation of a line in 3-
space 

C4.1, C4.2 

L3 Equations of Planes - Be able to write vector and parametric equations of planes C4.5 

L4 
Equations of Planes in 

Scalar Form 
- Be able to write the scalar equation of a plane C4.3, C4.4, 

C4.5, C4.6 

L5 Iintersection of Lines - Solve for points of intersections of lines in 2 and 3 space C3.1, C3.2, C3.3 

L6 
Intersection of Lines 

and Planes 
- Solve for the intersection of a line with a plane 

C3.1, C3.2, C3.3 

L7 Intersection of Planes - Solve for the intersection of 2 planes or 3 planes.  C3.1, C3.2, C3.3 

 
 

Assessments F/A/O Ministry Code P/O/C KTAC 
Note Completion A  P  
Practice Worksheet 
Completion 

F/A  P  

Quiz – Equations of lines and 
planes 

F  P  

PreTest Review F/A  P  
Test – Lines and Planes 

O 
C3.1, C3.2, C3.3, C4.1, C4.2, C4.3, 

C4.4, C4.5, C4.6 P 
K(25%), T(25%), A(25%), 

C(25%) 

 
 
 
 





https://www.geogebra.org/graphing/j6ntqajv












https://www.geogebra.org/3d/aku6q7xs












https://www.geogebra.org/3d/nsj2rkzf








Standard form equation: 
 
3𝑥 + 𝑦 − 7𝑧 + 𝐷 = 0 
 
3(4) + 1(6) − 7(2) + 𝐷 = 0 
 
𝐷 = −4 
 
3𝑥 + 𝑦 − 7𝑧 − 4 = 0 
 
 
 
 
https://www.geogebra.org/3d/u3n69tvc 
 
 
 
Example 3: Determine the scalar equation of each plane 
 
a) parallel to the 𝑥𝑧-plane; through the point (-7,8,9) 
 
A vector parallel to the 𝑦-axis will be perpendicular to the 𝑥𝑧-plane. 
Therefore, 𝑛⃗ = [0,1,0] is a possible normal vector. (see diagram) 
 
 
0𝑥 + 1𝑦 + 0𝑧 + 𝐷 = 0 
 
0(−7) + 1(8) + 0(9) + 𝐷 = 0 
 
𝐷 = −8 
 
𝑦 − 8 = 0  OR  𝑦 = 8      Geogebra 3D visualization 
 
 
b) containing the line [𝑥, 𝑦, 𝑧] = [1,2,4] + 𝑡[4,1,11] and perpendicular to 
 [𝑥, 𝑦, 𝑧] = [4,15,8] + 𝑠[2,3,−1]. 
 
𝑛⃗ = [2,3,−1] 
 
Point (1,2,4) 
 
2𝑥 + 3𝑦 − 𝑧 + 𝐷 = 0 
 
2(1) + 3(2) − 4 + 𝐷 = 0 
 
𝐷 = −4 
 
2𝑥 + 3𝑦 − 𝑧 − 4 = 0 
 

https://www.geogebra.org/3d/u3n69tvc
https://www.geogebra.org/3d/enk5gcvd












https://www.geogebra.org/3d/esvcf8kf


https://www.geogebra.org/3d/jtjbgq55


https://www.geogebra.org/3d/sj5mmwuh


L6 – Intersection of Lines and Planes                Unit 6 
MCV4U 
Jensen 
 
Part 1: Intersections of Lines and Planes 
 

Given a line and plane in 3-space, there are three possibilities for the intersection of the line with the plane: 
 

Intersect at 1 Point Infinite Number of Solutions No Solutions 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
The line lies on the plane 

 
 
 
 
 
 
 
 
 
 
The line is parallel and distinct 
from the plane 

 
Example 1: In each case, determine if the line and the plane intersect. If so, determine the solution. 
 
a)   𝜋1: 9𝑥 + 13𝑦 − 2𝑧 = 29 
 

       ℓ1: {
𝑥 = 5 + 2𝑡

𝑦 = −5 − 5𝑡
𝑧 = 2 + 3𝑡

 

 
Sub the parametric equations in to the scalar equation of the plane: 
 
9(5 + 2𝑡) + 13(−5 − 5𝑡) − 2(2 + 3𝑡) = 29 
 
45 + 18𝑡 − 65 − 65𝑡 − 4 − 6𝑡 = 29 
 
−53𝑡 = 53 
 
𝑡 = −1 
 
Since a single value of 𝒕 was found, the line and plane intersect at 1 point. Sub 𝒕 = −𝟏 in to the parametric 
equations: 
 
𝑥 = 5 + 2(−1) = 3 
 
𝑦 = −5 − 5(−1) = 0 
 
𝑧 = 2 + 3(−1) = −1 
 
The line and plane intersect at the point (3,0,−1).    https://www.geogebra.org/3d/a9j3u5u2 

https://www.geogebra.org/3d/a9j3u5u2


b)   𝜋2: 𝑥 + 3𝑦 − 4𝑧 = 10 
 

       ℓ2: {
𝑥 = 4 + 6𝑡

𝑦 = −7 + 2𝑡
𝑧 = 1 + 3𝑡

 

 
 
Sub the parametric equations in to the scalar equation of the plane: 
 
(4 + 6𝑡) + 3(−7 + 2𝑡) − 4(1 + 3𝑡) = 10 
 
4 + 6𝑡 − 21 + 6𝑡 − 4 − 12𝑡 = 10 
 
0𝑡 = 31 
 
There are no values of 𝑡 that can make this equation true. Therefore, the line and the plane do not intersect. 
The line is parallel and distinct from the plane.     https://www.geogebra.org/3d/quagawhg 
 
 
c)   𝜋3: 4𝑥 − 𝑦 + 11𝑧 = −1 
 
       ℓ3: [𝑥, 𝑦, 𝑧] = [−2,4,1] + 𝑡[3,1,−1] 
 
 
Sub the parametric equations in to the scalar equation of the plane: 
 
4(−2 + 3𝑡) − (4 + 𝑡) + 11(1 − 𝑡) = −1 
 
−8 + 12𝑡 − 4 − 𝑡 + 11 − 11𝑡 = −1 
 
0𝑡 = 0 
 
This equation is true for all values of 𝑡. There are infinitely many solutions. Any point on the line is a solution. 
The line lies on the plane.        https://www.geogebra.org/3d/emxyfbbx 

 
  
 
Example 2: Without solving, determine if each line intersects the plane. 
 
a)    𝜋1: 3𝑥 − 𝑦 + 𝑧 = −6 
 
       ℓ1: [𝑥, 𝑦, 𝑧] = [2, −5,3] + 𝑠[3,2,1] 
 
Check if the plane and line are parallel by comparing the direction vector of the line, 𝑚⃗⃗ = [3,2,1] with the 
normal vector of the plane 𝑛⃗ = [3,−1,1]. If they are perpendicular to each other, then the line and plane 
must be parallel. Find the dot product to analyze: 
 
𝑚⃗⃗ ∙ 𝑛⃗ = [3,2,1] ∙ [3, −1,1] 
 

https://www.geogebra.org/3d/quagawhg
https://www.geogebra.org/3d/emxyfbbx


𝑚⃗⃗ ∙ 𝑛⃗ = 3(3) + 2(−1) + 1(1) 
 
𝑚⃗⃗ ∙ 𝑛⃗ = 8 
 
Since 𝑚⃗⃗ ∙ 𝑛⃗ ≠ 0, 𝑚⃗⃗  and 𝑛⃗  are not perpendicular. Therefore, the line and plane are NOT parallel and must have 
one point of intersection. 
 
 
b)    𝜋2: 4𝑥 − 2𝑧 = 11 
 
       ℓ2: [𝑥, 𝑦, 𝑧] = [1,0,1] + 𝑠[−2,1,−4] 
 
 
Check if the plane and line are parallel by comparing the direction vector of the line, 𝑚⃗⃗ = [−2,1,−4] with the 
normal vector of the plane 𝑛⃗ = [4,0,−2]. If they are perpendicular to each other, then the line and plane 
must be parallel. Find the dot product to analyze: 
 
𝑚⃗⃗ ∙ 𝑛⃗ = [−2,1,−4] ∙ [4,0,−2] 
 
𝑚⃗⃗ ∙ 𝑛⃗ = −2(4) + 1(0) + (−4)(−2) 
 
𝑚⃗⃗ ∙ 𝑛⃗ = 0 
 
Since 𝑚⃗⃗ ∙ 𝑛⃗ = 0, 𝑚⃗⃗  and 𝑛⃗   ARE perpendicular. Therefore, the line and plane ARE parallel and either have no 
solutions (parallel and distinct) or infinitely many solutions (line is on plane). Check if the point (1,0,1) is on the 
plane to determine which situation we have: 
 
 
 
 
  
 
 
 
𝐿𝑆 ≠ 𝑅𝑆, therefore the line does not lie on the plane. There are no solutions to this system. The line and plane 
are parallel and distinct.  
 
 
Part 2: Distance from a Point to a Plane 
 

 Remember the formula for the magnitude of the projection of 𝑎  on to 𝑏⃗  is  |𝑝𝑟𝑜𝑗 𝑏⃗  𝑎 | =
|𝑎⃗ ∙𝑏⃗ |

|𝑏⃗ |
 

 
The shortest distance between a point and a plane is the perpendicular distance. This distance, 𝑑, between a 

point 𝑃 and a plane is 𝑑 = |𝑝𝑟𝑜𝑗 𝑛⃗  𝑃𝑄⃗⃗ ⃗⃗  ⃗| =
|𝑃𝑄⃗⃗ ⃗⃗  ⃗∙𝑛⃗ |

|𝑛⃗ |
 where 𝑄 is ANY point on the plane and 𝑛⃗  is a normal vector to 

the plane.  
 
 

LS 
 
= 4(1) − 2(1) 
 
= 2 

RS 
 
= 11 



 
Example 3: Find the distance between the plan 4𝑥 + 2𝑦 + 𝑧 − 16 = 0 and the point 𝑃(10,3,−8). 
 
Find any point 𝑄 on the plane by choosing arbitrary values for 𝑥 and 𝑦: 
 
4(1) + 2(1) + 𝑧 − 16 = 0 
 
𝑧 = 10 
 
Point 𝑄(1,1,10) is on the plane. 
 

Vector 𝑃𝑄⃗⃗ ⃗⃗  ⃗ = [1,1,10] − [10,3,−8] = [−9,−2,18] 
 
A normal vector to the plane is 𝑛⃗ = [4,2,1] 
 
 

𝑑 =
|𝑃𝑄⃗⃗ ⃗⃗  ⃗ ∙ 𝑛⃗ |

|𝑛⃗ |
 

 

𝑑 =
|[−9,−2,18] ∙ [4,2,1]|

√(4)2 + (2)2 + (1)2
 

 

𝑑 =
22

√21
  

 
𝑑 ≅ 4.8 units  
 

https://www.geogebra.org/3d/r5qebzz4 
 

 
 

https://www.geogebra.org/3d/r5qebzz4


L7 – Intersection of Planes                 Unit 6 
MCV4U 
Jensen 
 
 
Part 1: Intersection of 2 Planes 
 

Line of Intersection Infinite Solutions No Solutions 
 
 
 
 
 
 
 
 
If 2 distinct planes intersect, the 
solution is the set of points that lie 
on the line of intersection.  

 
 
 
 
 
 
 
 
If the planes are coincident, every 
point on the plane is a solution 

 
 
 
 
 
 
 
 
Parallel and distinct planes do not 
intersect 

 
When solving a system of 2 planes, check if the planes are parallel by analyzing their normal vectors. If they 
are parallel, determine if they are coincident (infinite solutions) or distinct (no solutions). If the normals are 
not parallel, that means the planes are not parallel either. You can find the line of intersection by: 
 

i) Eliminating a variable using the method of elimination 
ii) Choose 1 of the remaining variables to be the parameter 𝑡 
iii) Write the other 2 variables in terms of the parameter 𝑡 as well to get the parametric equation of 

the line of intersection 
 
Example 1: Describe how the planes in each pair intersect. 
 
a) 𝜋1: 2𝑥 − 𝑦 + 𝑧 − 1 = 0 
 
    𝜋2: 𝑥 + 𝑦 + 𝑧 − 6 = 0     
 
𝑛⃗ 1 = [2,−1,1] 
 
𝑛⃗ 2 = [1,1,1] 
 
𝑛⃗ 1 ≠ 𝑘𝑛⃗ 2 
 
The normals are not parallel and therefore the planes are not parallel. This means they intersect in a line. 
 
①   2𝑥 − 𝑦 + 𝑧 − 1 = 0 
 
②   𝑥 + 𝑦 + 𝑧 − 6 = 0         + 
 
         3𝑥 + 2𝑧 − 7 = 0 
 



Assign a variable to be the parameter 𝒕. Let 𝒛 = 𝒕 and then write the other two variables in terms of 𝒕. 
 
3𝑥 + 2𝑡 − 7 = 0 
 
3𝑥 = −2𝑡 + 7 
 

𝑥 = −
2

3
𝑡 +

7

3
  

 
 
 
 
 
 
 
The parametric equations of the line of intersection are: 
 

ℓ: {

𝑥 = −
2

3
𝑡 +

7

3
 

𝑦 = −
1

3
𝑡 +

11

3
 

𝑧 = 𝑡

  

 
Vector equation is: 
 

[𝑥, 𝑦, 𝑧] = [
7

3
,
11

3
, 0] + 𝑡[−2,−1,3]     Note: the direction vector was simplified 

 
https://www.geogebra.org/3d/jbesfzd5 

 
b)  𝜋3: 2𝑥 − 6𝑦 + 4𝑧 − 7 = 0 
 
      𝜋4: 3𝑥 − 9𝑦 + 6𝑧 − 2 = 0 
 
𝑛⃗ 3 = [2,−6,4] 
 
𝑛⃗ 4 = [3,−9,6] 
 
1.5𝑛⃗ 3 = 𝑛⃗ 4 
 
The normals are parallel. Therefore, the planes are parallel. They are either coincident or distinct. Solve using 
elimination to see if you get infinitely many solutions or no solutions. 
 
3 ×③   6𝑥 − 18𝑦 + 12𝑧 = 21 
 
2 ×④   6𝑥 − 18𝑦 + 12𝑧 = 4         − 
 
                                          0 = 17 
 
This equation is never true. Therefore, there are no solutions and the planes are parallel and distinct.  
 

https://www.geogebra.org/3d/pgsp8f68 

𝑥 + 𝑦 + 𝑧 − 6 = 0 
 

(−
2

3
𝑡 +

7

3
) + 𝑦 + 𝑡 − 6 = 0     

 
1

3
𝑡 + 𝑦 −

11

3
= 0  

 

𝑦 = −
1

3
𝑡 +

11

3
  

https://www.geogebra.org/3d/jbesfzd5
https://www.geogebra.org/3d/pgsp8f68


c)  𝜋5: 𝑥 + 𝑦 − 2𝑧 + 2 = 0 
 
     𝜋6: 2𝑥 + 2𝑦 − 4𝑧 + 4 = 0 
 
 
𝑛⃗ 5 = [1,1,−2] 
 
𝑛⃗ 6 = [2,2,−4] 
 
2𝑛⃗ 5 = 𝑛⃗ 6 
 
The normals are parallel. Therefore, the planes are parallel. They are either coincident or distinct. Solve using 
elimination to see if you get infinitely many solutions or no solutions. 
 
2 ×⑤   2𝑥 + 2𝑦 − 4𝑧 = −4 
 
       ⑥   2𝑥 + 2𝑦 − 4𝑧 = −4         − 
 
                                      0 = 0 
 
This equation is always true. Therefore, there are infinitely many solutions. The lines are coincident.  
 
 
Part 2: Intersection of 3 Planes 
 
A system of three planes is consistent if it has one or more solutions. A system of three planes is inconsistent if 
it has no solution.  
 
3 scenarios of consistent solutions: 
 

Intersect at 1 Point Intersect in a Line Infinite Solutions 

 
 
 
 
 

 
 
 
 
 
 
 
 

 

Normals are not parallel and not 
coplanar. 

Normals are not parallel but they 
are coplanar. 

Normals are parallel and 
equations are scalar multiples of 
eachother. 

 
Normals are parallel if each one is a scalar multiple of the others. 
 
Normals are coplanar if 𝑛⃗ 1 ∙ 𝑛⃗ 2 × 𝑛⃗ 3 = 0 
 
 
 



Example 2: For each set of planes, describe the number of solutions and how the planes intersect. 
 
a) 𝜋1:  2𝑥 + 𝑦 + 6𝑧 − 7 = 0 
    𝜋2:  3𝑥 + 4𝑦 + 3𝑧 + 8 = 0 
    𝜋3:  𝑥 − 2𝑦 − 4𝑧 − 9 = 0 
 
Normals are not parallel. Therefore, they intersect at a point or in a line.  
 
Eliminate a variable using two different pairs of equations: 
 
       ①  2𝑥 + 𝑦 + 6𝑧 = 7 
 
2 ×②  6𝑥 + 8𝑦 + 6𝑧 = −16        − 
 
                     −4𝑥 − 7𝑦 = 23 
 
 
 

7 × (① − ②)     −28𝑥 − 49𝑦 = 161 
 

4 × (① + ③)       28𝑥 − 16𝑦 = 164         + 

 
                  −65𝑦 = 325 
                    𝑦 = −5 
 
Now that you have a unique solution for one variable, you can sub back in to previous equations to solve for 
the remaining variables: 
 
 
−4𝑥 − 7(−5) = 23 
 
−4𝑥 = −12 
 
𝑥 = 3 
 
 
 
 
 
 
The three planes form a consistent system. The point of intersection is (3,−5,1). 
 
 

https://www.geogebra.org/3d/mudhuneu 

 
 
 
 
 

2 × ① 4𝑥 + 2𝑦 + 12𝑧 = 14 
 
3 ×③  3𝑥 − 6𝑦 − 12𝑧 = 27           + 

               
     
                          7𝑥 − 4𝑦 = 41 

2𝑥 + 𝑦 + 6𝑧 = 7 
 
2(3) − 5 + 6𝑧 = 7 
 
6𝑧 = 6 
 
𝑧 = 1 
 

https://www.geogebra.org/3d/mudhuneu


b) 𝜋4:  𝑥 − 5𝑦 + 2𝑧 − 10 = 0 
     𝜋5:  𝑥 + 7𝑦 − 2𝑧 + 6 = 0 
     𝜋6:  8𝑥 + 5𝑦 + 𝑧 − 20 = 0 
 
 
Normals are not parallel. Therefore, they intersect at a point or in a line.  
 
Eliminate a variable using two different pairs of equations: 
 
 
       ④  𝑥 − 5𝑦 + 2𝑧 = 10 
 
       ⑤  𝑥 + 7𝑦 − 2𝑧 = −6        + 
 
                     2𝑥 + 2𝑦 = 4 
 
 
 
 

−
1

15
× (④ − ⑥)     𝑥 + 𝑦 = 2 

 
1

2
× (④ + ⑤)           𝑥 + 𝑦 = 2         − 

 
                      0 = 0 
   
 
This means that there are infinitely many values of 𝑥 and 𝑦 that satisfy the equations. Therefore, they 
intersect in a line. Write the parametric equations of the line. Start by letting a variable equal a parameter: 
 
            𝑥 = 𝑡 
 
 
 
 
                   
  
 
 
 
 

Parametric Equations:  ℓ: {
𝑥 = 𝑡 

𝑦 = 2 − 𝑡 
𝑧 = 10 − 3𝑡

  

 
Vector Equation: [𝑥, 𝑦, 𝑧] = [0,2,10] + 𝑡[1,−1, −3] 
 
 

https://www.geogebra.org/3d/rvmqunqn 
 

       ④  𝑥 − 5𝑦 + 2𝑧 = 10 
 
2 ×⑥  16𝑥 + 10𝑦 + 2𝑧 = 40           − 

               
     
                          −15𝑥 − 15𝑦 = −30 
                           

𝑥 + 𝑦 = 2 
 

𝑡 + 𝑦 = 2 
 

𝑦 = 2 − 𝑡 

𝑥 − 5𝑦 + 2𝑧 = 10 
 

𝑡 − 5(2 − 𝑡) + 2𝑧 = 10 
 

𝑡 − 10 + 5𝑡 + 2𝑧 = 10 
 

2𝑧 = −6𝑡 + 20 
 

𝑧 = −3𝑡 + 10 
 

https://www.geogebra.org/3d/rvmqunqn


3 scenarios of inconsistent solutions: 
 

2 planes are parallel and the third 
intersects both of the parallel 

planes 

The planes intersect in pairs The planes are parallel and at 
least two are distinct 

 
 
 
 
 
 
 
 
 

  

Two normals are parallel but the third 
is not 

Normals are not parallel but they are 
coplanar. 

Normals are parallel but the equations 
are not scalar multiples of each other 

 
a) 𝜋1:  3𝑥 + 𝑦 − 2𝑧 = 12 
    𝜋2:  3𝑥 − 5𝑦 + 𝑧 = 8 
    𝜋3:  12𝑥 + 4𝑦 − 8𝑧 = −4 
 
𝜋1 and 𝜋3 are parallel since 4𝑛⃗ 1 = 𝑛⃗ 2 but 𝜋2 is not parallel to them. 𝜋1 ≠ 𝑘𝜋3, so they are parallel but 
distinct. This is an inconsistent system with two parallel but distinct planes that are intersected by a third 
plane.            https://www.geogebra.org/3d/kd3vjrbb 

 
 
b) 𝜋4:  𝑥 + 3𝑦 − 𝑧 = −10 
    𝜋5:  2𝑥 + 𝑦 + 𝑧 = 8 
    𝜋6:  𝑥 − 2𝑦 + 2𝑧 = −4 
 
None of the normals are scalar multiples of each other so none of the planes are parallel. They either intersect 
at a point, in a line, or not at all. Solve using elimination to determine which scenario it is: 
 
       ④  𝑥 + 3𝑦 − 𝑧 = −10 
 
       ⑤  2𝑥 + 𝑦 + 𝑧 = 8                + 
 
                     3𝑥 + 4𝑦 = −2 
 
 
 

(④ + ⑤)                 3𝑥 + 4𝑦 = −2 
 

(④ + ⑥)                 3𝑥 + 4𝑦 = −24         − 

 
                      0 = −26 
 
There are no solutions to this equation. Therefore, this is an inconsistent system with no solutions. The planes 
must intersect in pairs.         https://www.geogebra.org/3d/rnycrtv3 

2 × ④  2𝑥 + 6𝑦 − 2𝑧 = −20 
 
        ⑥  𝑥 − 2𝑦 + 2𝑧 = −4           + 

               
     
                          3𝑥 + 4𝑦 = −24 
                           

https://www.geogebra.org/3d/kd3vjrbb
https://www.geogebra.org/3d/rnycrtv3


c) 𝜋7:  4𝑥 − 2𝑦 + 6𝑧 = 35 
    𝜋8:  −10𝑥 + 5𝑦 − 15𝑧 = 20 
    𝜋9:  6𝑥 − 3𝑦 + 9𝑧 = −50 
 
Notice that the normals between each pair of planes are constant multiples of each other. Therefore, the 
planes are all parallel. However, none of the planes are scalar multiples of each other so they are all parallel 
but distinct. There are no points of intersection.  
 
 

https://www.geogebra.org/3d/r3ysp3gm 

 

https://www.geogebra.org/3d/r3ysp3gm

